Abstract-The dispersion characteristics of apodized, linearly chirped fiber Bragg gratings and their potential as dispersion compensators have been studied systematically. It is shown that the positive hyperbolic-tangent profile results in an overall superior performance, as it provides highly linearized time-delay characteristics with minimum reduction in the linear dispersion. To compensate for the linear dispersion of 100 km of standard telecom fiber over certain bandwidth (in nanometers), the required grating length is 19.24 cm/nm.
I. INTRODUCTION

F
IBER BRAGG gratings are proving to be one of the most important recent developments in the field of optical fiber technology. They basically constitute generalized distributed reflectors whose reflection spectra and dispersion characteristics are wavelength-dependent and can be accurately adjusted by proper design. They can be effectively used for dispersion compensation in high-bit-rate, long-haul fiber communication links [1] - [7] and short-pulse generation and restoration [8] , [9] . On the other hand, fiber Bragg gratings can be used for the implementation of high-quality fiber laser cavities of various geometries [10] , [11] and semiconductor diode stabilization [12] , [13] .
Periodic or aperiodic fiber gratings with constant refractiveindex modulation depth (i.e., unapodized), however, show reflection spectra with large side lobes, as well as highly nonlinear dispersion characteristics which make them unsuitable for high-performance applications. These characteristics are attributed to residual multiple reflections at the grating ends [14] and can be significantly suppressed by a suitable variation (apodization) of the modulation depth along its length [15] - [23] .
The apodization requirements of aperiodic gratings are expected to be quite different to the ones of the periodic counterparts. It is already known that the reflection spectrum of an apodized, periodic standard grating follows closely the Fourier transform of the applied apodization profile. As a result, smooth and tight apodization profiles result in enhanced side-lobe suppression and superior grating performance [15] , [16] . Various apodization profiles have been considered theoretically and experimentally in order to smoothen the reflection spectrum and linearize the dispersion characteristics of aperiodic (chirped) gratings [17] - [23] . It has been realized that tight apodization profiles, in general, result in smooth features at the expense, however, of grating reflectivity, bandwidth, and dispersion. Excessively tight apodization profiles, on the other hand, might unnecessarily truncate gratings (reduce their effective length) and, in some applications, could impose severe limitations in the writing process (e.g., required physical length longer than the available phase mask length or prohibitively long exposure times).
To date, no systematic attempt has been made to compare the different apodization profiles, study their effect on the overall response of the chirped fiber gratings, and establish the optimum relation between the degree of the apodization and the resulting interrelated grating characteristics. In this paper, we investigate thoroughly the effect of various apodization profiles on the reflection and dispersion characteristics of apodized, linearly chirped fiber gratings for use in dispersion management applications such as dispersion compensation in data-transmission links and short-pulse manipulation. In Section II, we briefly describe the general theoretical model used for the calculation of the grating response. In Section III, the main apodization profiles considered in this paper are presented. In Section IV, we compare the effect of the various profiles on the mean linear dispersion and average time-delay ripples across the full-width at half-maximum (FWHM) bandwidth of apodized linearly chirped gratings. The comparison is further quantified by calculating the transmission degradation (eye-opening penalty) inflicted by the use of the apodized gratings as dispersion compensators in long, high-bit-rate optical links. It is shown that the positive hyperbolic-tangent apodization profile results in an overall superior performance, as it provides dispersion compensators with highly linearized time-delay characteristics with minimum reduction in linear dispersion, compared with the unapodized case. This results in maximum dispersion-compensated transmission distances with minimum transmission penalty. In Section V, minimum grating-length requirements for different apodization profiles are calculated. Finally, in Section VI, the main results of the present paper are discussed and compared with results found in the literature. Practical implementations and approximations of the ideal apodization profiles are also discussed.
II. THEORETICAL MODEL
The reflection characteristics of the apodized, chirped fiber gratings have been calculated by using the general coupledmode theory applicable to nonuniform aperiodic structures 0018-9197/98$10.00 © 1998 IEEE [18] , [24] . The refractive index variation is considered to be (1) where is the fiber refractive index, describes the amplitude variation of the induced refractive index modulation, is the background refractive index variation, is the reference Bragg wavevector ( is the reference Bragg period), and is the slowly varying grating phase. In the case of linearly chirped gratings, where (in m is the chirp parameter. The total variation of the local Bragg wavelength across the entire grating length is given by where is the reference Bragg wavelength.
is, in general, expressed as where is the peak refractive index modulation and is the apodization profile.
The electric field distribution along the grating can be expressed in terms of two counterpropagating waves as [14] , [24] (2) where and are slowly varying amplitudes of the forward and backward traveling waves, respectively. The evolution of the amplitudes and is described by a set of two coupled differential equations, namely The parameters and represent the wavenumber detuning from the reference wavenumber and the local detuning along the grating, respectively, and represents the local coupling constant. The boundary conditions of this particular scattering geometry are and . To reduce the coupled-mode equations (3a) and (3b) into a single differential equation, we introduce a local reflection coefficient defined as (5) This definition of the local reflection coefficient is equivalent to the one given by Kogelnik [18] . Differentiating (5) and taking into account (3a) and (3b) results in a single differential equation, known as the Ricatti differential equation [18] (6) subject to the boundary condition . The quantity of interest is which corresponds to the total reflection coefficient of the grating. The reflection coefficient of the grating is given by (7) where and are the backward-and forward-propagating electric fields. The grating reflectivity is finally given by . The equivalent time delay, associated with the grating reflection, is given by (8) where and are the phase velocity of light in vacuum and the propagation constant in the fiber, respectively.
The parameters of interest, upon which the comparison is based, are the mean dispersion and the mean time-delay variation across the grating FWHM reflection bandwidth. The mean dispersion (in ps/nm) across the FWHM bandwidth is given by the slope of best-fitted straight line . The mean time-delay variation is defined as (9) and gives the mean value of the difference of the actual time delay from the best-fitted straight line.
gives the total number of wavelengths in the FWHM bandwidth at which the reflection coefficient has been calculated, is the dispersion experienced on average by the transmitted data or short pulses filling the FWHM reflection bandwidth of the grating, and on the other hand, is a measure of higher order dispersion that results in bit-error-rate (BER) degradation [2] - [7] or pulse pedestals and break-ups [9] .
The effectiveness of the various apodization profiles was further examined by using the resulted apodized, linearly chirped gratings as dispersion compensators in high-bitrate standard fiber telecommunication links. The comparison was carried out by calculating the maximum dispersioncompensated transmission distance achieved and the resulting eye-opening penalty [25] . In all the transmission simulations, 10 Gbit/s nonreturn to zero (NRZ) data streams consisting of bits were considered. The fiber linear dispersion was 17 ps/nm/km. To focus on the grating-related effects only, transmission nonlinearities were not included in the numerical study.
III. APODIZATION PROFILES
The main apodization profiles, considered in the present investigation, were the following: 1) raised profile:
2) profile: 3) profile:
4) positiveprofile:
For the unapodized linearly chirped grating, is equal to 1. For large-enough arguments, the function goes asymptotically to 1. The real parameter determines the slope of the profile at and, therefore, the degree of apodization. All profiles are symmetric around the center of the grating and normalized so that 1. The various apodization profiles are plotted in Fig. 1 for visualization and comparison.
For each profile we define an apodization parameter [16] as (10) The smaller the apodization parameter, the tighter the apodization profile. Small apodization parameters correspond to small grating effective lengths. For unapodized gratings, 1. The apodization parameter values of the profiles considered in this analysis are listed in Table I .
IV. NUMERICAL RESULTS
We first consider the effect of apodization on a linearly chirped grating of fixed length and refractive index modulation depth. Fig. 2(a)-(c) shows the variation of the mean linear dispersion the mean time-delay ripple , and the maximum reflectivity, respectively, as a function of the FWHM grating bandwidth for different apodization profiles. The unapodized case is also shown for comparison. In all cases, the FWHM reflection bandwidth is increased by varying the chirp parameter . The grating length is 10 cm, the modulation depth is 10 , and the optical wavelength is 1.55 m. It is shown that, for the same FWHM bandwidth, apodization profiles with increasing degree of truncation result in progressively reduced linear dispersion, mean time-delay ripples, and reflectivity. This is an expected result since increasing the degree of apodization not only decreases the effective grating length ( -see Table I ), which results in lower average linear dispersion and reflectivity, but also reduces significantly the contributions of the grating ends, which are known to give rise to dispersion nonlinearities and time-delay ripples [14] . For example, for a FWHM reflection bandwidth of 0.4 nm, changing the apodization profile from positiveto raised cosine results in a 3-dB reduction of the mean linear dispersion and reflectivity and 10-dB reduction in mean time-delay ripples.
In most practical applications, however, there are stringent requirements not only on the linear dispersion and time-delay ripples but also on the grating reflectivity and bandwidth. Therefore, a proper comparison of the various apodization profiles will require fixed bandwidth as well as reflectivity. Fig. 3 (a) and (b) shows the variation of the mean linear dispersion and average time-delay ripple respectively, as a function of the FWHM grating bandwidth for different apodization profiles. The unapodized case is also shown for comparison. In all cases, the maximum reflectivity is fixed to 0.999 and the grating length is 10 cm. The required refractive index modulation depth is shown in Fig. 3(c) . As in the previous case [ Fig. 2(a) ], for a fixed bandwidth, apodization profiles with increasing degree of truncation (i.e., result in progressively reduced linear dispersion. This will affect the maximum fiber link length that can be compensated. On the other hand, in contrast with Fig. 2(b) , all apodization profiles result in quite similar variations (although significantly reduced as compared to the unapodized case). In fact, for bandwidth 0.4 nm, the tightest profiles result in slightly larger . This is due to the fact that tighter apodization profiles require larger index modulation to achieve the same reflectivity, which tends to increase slightly the average time-delay ripples. It is, therefore, anticipated that, for a fixed grating length, bandwidth, and reflectivity, the various apodization profiles will result in markedly different max- imum transmission distances with comparable transmission penalties. Fig. 4 shows the eye-opening (EO) penalty as a function of the fiber link length for the different apodization profiles. The unapodized case is also shown for comparison. The FWHM reflection bandwidth is 0.2 nm and the rest of the parameters are similar to the ones in Fig. 3 . It is first shown that all apodization profiles result in a 4-dB reduction in the EO penalty as compared with the unapodized case. In addition, the positiveprofile gives maximum compensated fiber link length ( 315 km), very close to the unapodized case (335 km), and results in the best overall performance. Tighter apodization profiles truncate the grating unnecessarily and reduce substantially the compensated fiber link length ( profile results in 30% compensated-length reduction compared with the positiveprofile). Fig. 5(a) and (b) shows the variation of the mean linear dispersion and average time-delay ripple, respectively, as a function of the FWHM grating bandwidth for different grating lengths. The apodization profile is positive and the maximum reflectivity is . Fig. 5 (c) shows the required modulation depth for the target reflectivity to be achieved. It is shown that, for a given reflectivity and bandwidth, the mean linear dispersion increases proportionally with the grating length. The average time-delay ripple, on the other hand, remains to a great extent unaffected by the variation of the grating length over the entire bandwidth span. The fact that, in order to achieve certain bandwidth, shorter gratings have to be chirped by proportionally larger amounts (which in general results in reduced time-delay ripples) is counteracted by the increase in the modulation depth required to achieve the same reflectivity [see Fig. 5(c) ]. For bandwidths larger than about 0.2 nm, the effect of the increased modulation depth outperforms the beneficial effect of the increased chirp and results in an increase of the time-delay ripples as the grating length decreases. Therefore, for a given reflection bandwidth and data bit rate, using longer gratings will result in an increased compensated link length without any additional transmission penalty. This is clearly demonstrated in Fig. 6 where the EO penalty is plotted as function the fiber link length for different grating lengths. The grating bandwidth is 0.2 nm and the rest of the parameters are similar to Fig. 5 . Fig. 7(a) -(c) shows the variation of the mean linear dispersion average time-delay ripple and the required modulation depth respectively, as a function of the FWHM grating bandwidth, for different grating reflectivities. The apodization profile is positiveand the grating length is 10 cm. It is shown that, for certain bandwidth, e.g., 0.2 nm, increasing the grating reflectivity from 90% to 99.9%, increases from 4000 to 5000 ps/nm, and from 10 to 30 ps. The large increase in ( 25%) is primarily due to the fact that ultrahigh reflectivity gratings require strong refractive index modulation which tends to increase the reflection bandwidth [see 
7(c)]
. Therefore, to achieve the same bandwidth, ultrastrong gratings require a smaller chirp parameter which results in higher mean linear dispersion. However, in this case, the resulting dispersion is quite nonlinear within the FWHM bandwidth and can be locally much larger than . This means that ultrastrong chirped gratings can compensate fiber links with total dispersion larger than although the useful bandwidth is somewhat reduced due to the nonlinearities in the dispersion characteristics. For reflectivities lower than 80%, the dispersion characteristics become progressively linear and the variations in and become insignificant. Fig. 8 shows the EO penalty as a function of the link length for various grating reflectivities. The FWHM reflection bandwidth is 0.2 nm and the other parameters are similar to Fig. 7 . It is shown that increasing the grating reflectivity from 90% to 99.9% results in a 40% increase of the maximum compensated link length with only 0.15-dB increase of the EO penalty. Reducing the reflectivity below 80% has no effect on the compensated link length or the EO penalty. Fig. 9(a) and (b) shows the EO penalty as a function of the fiber link length for different FWHM reflection bandwidths for and apodization profiles, respectively. The grating length is 10 cm and the reflectivity is fixed to 0.999. It is shown that, in both cases, the narrower the reflection bandwidth, the longer the compensated fiber link length is. The positiveapodization profile compensates longer transmission links as compared with the profile. Both results are in accordance with the findings of Fig. 3(a) . On the other hand, for FWHM reflection bandwidths down to 0.16 nm, the EO penalty is almost unaffected despite the predicted increase in the average time-delay ripples [see Fig. 3(b) ]. Reducing the bandwidth below 0.16 nm results in an EO penalty increase of 1 dB, due to the combination of large time-delay ripples and severe over-filtering. These results are in very good qualitative agreement with recent experimental data [2] .
In real optical communication systems, both the laser center wavelength and the grating reflection bandwidth center wavelength are expected to drift relative to each other due to environmental changes and the extra penalty due to this relative wavelength drift has to be considered. Fig.  10(a) and (b) show the EO penalty as a function of the relative wavelength shift for positiveand apodization profiles, respectively, for different grating reflectivities. The grating length is 10 cm and the FWHM bandwidth is 0.2 nm. For each reflectivity, the fiber link length was adjusted to give the minimum EO penalty with the laser and reflection-bandwidth center wavelengths being aligned . With the exception of the -profile 99.9% reflectivity grating, all the other gratings showed penalties less than 1 dB for the entire wavelength-drift range ( 50 pm). Decreasing the grating reflectivity results in reduced time-delay ripples [see Fig. 7(b) ] and always gives smaller EO penalties.
In the case of the -apodization and 99.9% reflectivity grating, the rapid penalty increase for 0 can be explained with the help of Fig. 11(b) , where the time delay introduced by this grating is plotted against the wavelength difference . The time-delay response of the -apodization 99.9% reflectivity grating is shown also for comparison. Both gratings have a FWHM bandwidth of 0.2 nm. Their average linear dispersion and time-delay ripples are shown in Fig. 3(a) and (b), respectively. However, the positiveprofile exhibits almost zero dispersion over 25% of its FWHM bandwidth in the longwavelength side. Therefore, when the laser center wavelength drifts toward this part of the grating spectrum, large penalties are expected. In contrast, on the other side of the reflection spectrum, the time-delay slope (i.e., local linear dispersion) is quite pronounced and accounts for the longer compensated fiber link length.
V. GRATING LENGTH REQUIREMENTS
In the case of linear optical transmission along a fiber link of length (in km) and linear dispersion coefficient (in ps/km/nm) compensated by an unapodized linearly chirped fiber grating, the required minimum grating length can be easily shown that is approximated by (11) where is the velocity of light in vacuum, is the fiber refractive index, and is the grating bandwidth (considered to be equal to the optical data bandwidth). The accuracy of this approximation improves as the grating reflectivity decreases. In the case of apodized, linearly chirped gratings of high reflectivity, the grating minimum length requirements are expected to be greater than what (11) implies. Fig. 12 shows the minimum grating length required to achieve a mean dispersion of 1700 ps/nm as a function of the FWHM grating bandwidth, for positiveand profiles. The unapodized grating case is also shown for comparison. In all cases, the maximum grating reflectivity is 99.9%. For every apodization profile, the minimum required grating length increases linearly with the FWHM grating bandwidth. For the unapodized case, the slope is about 17.54 cm/nm which is in excellent agreement with the value 17.6 cm/nm obtained from (11) . For the positiveand profiles, the corresponding slopes are 19.24 and 22.38 cm/nm, respectively.
In some applications, however, a certain dispersion compensation should be achieved over a much wider bandwidth. This is likely to be encountered either in the case of WDM operation where several optical channels are required to be dispersioncompensated simultaneously or in the case of single-channel operation where the laser central wavelength is drifting considerably. To achieve a dispersion of 1700 ps/nm over a 5-nm bandwidth using apodization profile, the length of the required grating is 96.2 cm. Such long gratings are well within the reach of the present fiber grating technology [5] , [6] .
VI. DISCUSSION
In all grating calculations, the background refractive index variation is assumed to be zero and, therefore, the effects due to the extra effective chirp are ignored. Such an assumption is fully validated since high-quality grating fabrication techniques [5] , [26] - [29] ensure that the total average ultraviolet fluence is kept constant throughout the writing process and, therefore, result in negligible background index variations (pure apodization).
Equation (9) gives a direct indication of the magnitude of the time-delay ripples over the FWHM reflection bandwidth. The analysis and overall conclusions would have been unaffected if the more conventional rms definition had been used to quantify time-delay ripples instead.
The choice of the apodization profile not only affects the magnitude of the time-delay ripples but also the shape of the reflection spectrum. In general, the shape of the reflection spectrum follows closely the apodization profile. Therefore, when compared with tighter profiles (e.g., profile), use of positiveprofile results in a reflection spectrum with sharper edges [see Fig. 11(a) ]. This difference is much more pronounced in lower reflectivity gratings.
As it has already been mentioned in Section I, a number of different apodization profiles have been proposed for the linearization of the dispersion characteristics of linearly chirped fiber Bragg gratings. These profiles correspond to different degrees of truncation and are expected to result in different linear dispersion and time-delay ripples. In [21] , it has been concluded that profiles with "broad flat center and smoothly decreasing wings" result in optimum grating performance. However, a direct comparison of the optimum ( and ) profiles of [21] and the optimum profile (positiveof this paper shows that the mere fact that the profile wings decrease smoothly does not guarantee optimum performance. Fig. 13(a) shows the positiveprofile (this paper), as well as the fulland profiles of [21] for visual comparison. Fig. 13(b) , on the other hand, shows the slope of the apodization profiles plotted in Fig.  13(a) . Firstly, it should be pointed out that, in contrast with other investigations, the profile considered in this paper consists only of the positive part of the function. This results in a profile with continuously decreasing slope along the apodized section. The fullprofile of [21] , on the other hand, shows a much more complicated slope variation along the apodized section [c.f. Fig. 13(b) ].
Fig. 14(a) and (b) shows the mean (linear) dispersion and average time-delay ripples, respectively, of the apodization profiles plotted in Fig. 13(a) as a function of the FWHM reflection bandwidth. It is shown that, in comparison with the fulland profiles of [21] , the positiveprofile of this paper results in a superior performance, giving higher linear dispersion and (slightly) smaller average time-delay ripples. The results of Figs. 13 and 14 show that optimum apodization profiles have not only a flat center region but also edges with continuously decreasing slopes. The outcome of this numerical investigation is in full agreement with previous theoretical predictions that attributed the time-delay ripples in edge effects [14] .
In practice, however, the optimum positiveapodization profile can be approximated by a profile with flat center region (60%-80% of total grating length) and -apodized edges (20%-10% of total grating length each). Such approximate profiles have been used successfully for the apodized linearly chirped fiber gratings for the practical implementation of high-performance dispersion compensators [5] , [7] , [23] . Fig. 13(a) . The grating length is 10 cm and the reflectivity is 0.999.
VII. CONCLUSION
The reflection and dispersion characteristics of apodized linearly chirped fiber gratings have been studied systematically. It is shown that optimum apodization profiles have a flat center region and apodized edges with continuously decreasing slopes. From the profiles considered, the positive hyperbolic tangent profile results in overall superior performance, as it provides highly linearized time-delay characteristics with minimum reduction in linear dispersion (as compared with the unapodized case). This results in compensated fiber links of a maximum length and minimum transmission penalty. It is shown that in order to compensate for the linear dispersion of 100 km of standard telecom fiber ( 17 ps/nm/km) over certain bandwidth (in nanometers), the required grating length is 19.24 cm/nm when the apodization profile is used. The required length is 17.54 cm/nm in the unapodized case and increases to 22.38 cm/nm when a apodization profile is utilized.
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